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Color Refinement Procedure
(aka. 1-dim. Weisfeiler-Lehman algorithm)

Input: colored graph X = (V ,E ,c):
1 assign a color c′(v) to every vertex v such that c′(v) = c′(u) iff

c(v) = c(u) and for each color i , u and v have the same number of
i-colored neighbors.

2 If c′ induces a finer color class partition than c, set c := c′ and
goto 1

3 otherwise output the stable coloring.

Example
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Individualization
Individualization-Refinement

1 Refinement: do color refinement

2 Individualization: If not all color classes are singletons,
individualize a vertex in a color class of size ≥ 2 (i.e., assign an
unused color to it). Goto 1.

• Used by practical isomorphism algorithms, e.g. nauty and Traces
[McKay, Piperno 14].

• Here an entire tree of colorings is constructed by choosing
different vertices in each step 2.

Example
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Graph classes and problems

Definition (for a colored graph X)
• X ∈ Rigid if the identity is the only automorphism of X.

• X ∈ Refinable if two vertices u and v of X receive the same stable
color only if there is an automorphism of X that maps u to v.

• X ∈ Discrete if running color refinement on X results in singleton
color classes, Discrete = Rigid∩Refinable.

• X ∈ Discrete[�] if X ∈ Discrete and a stable coloring occurs after
≤ � rounds

Problem k-C for a class C of colored graphs
Input: A colored graph X = (V ,E ,c) and an integer k

Parameter: k

Question: Are there |V | − k vertices of X so that individualizing
them results in a graph in C?

Definition (t-rigid etc.)
We say a colored graph X is t-rigid if (X, t) ∈ k-Rigid. t-discrete and
t-refinable are defined analogously.
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Examples

Example
For every n the circle Cn is 2-rigid, but not 1-rigid.

Example
For every n the complete graph Kn is not (n −2)-rigid (every graph on
n vertices is (n −1)-rigid).
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Parameterized complexity

Problem Mini-3SAT [Cai, Juedes 03; Downey et al. 03]

Input: A formula F in 3-CNF of size bounded by k logn
and the number n in unary

Parameter: k

Question: Is F satisfiable?

Definition
The class MINI[1] contains all parameterized problems that are FPT
many-one reducible to Mini-3SAT.

Lemma [Cai, Juedes 03; Downey et al. 03]

If MINI[1] = FPT then there is a 2o(n) time algorithm for 3SAT.
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Results

Problem(s) Parameterized Complexity

k-Rigid MINI[1]-hard
(n − k)-Rigid FPT
k-C W[P]-hard for Discrete ⊆ C ⊆ Refinable
k-C optimization problem in logspace for

graphs with color class size ≤ 3 and
C ∈ {Discrete,Refinable,Rigid}

(n − k)-Discrete FPT
k-Discrete[�] W[2]-hard for every � ≥ 1

All hardness results are w.r.t. FPT many-one reductions.
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Proof

Theorem
For C with Discrete ⊆ C ⊆ Refinable, k-C is W[P]-hard,
even for graphs of color class size at most 4.

Proof for k-Discrete (Outline).

• Reduction from Weighted Monotone Circuit Satisfiability.
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For C with Discrete ⊆ C ⊆ Refinable, k-C is W[P]-hard,
even for graphs of color class size at most 4.

Proof for k-Discrete (Outline).

Weighted Monotone Circuit Satisfiability.

Input: A monotone boolean circuit C on n inputs and an
integer k

Parameter: k

Question: Is there an input string x ∈ {0,1}n of Hamming weight k
so that C(x) = 1?
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Proof

Theorem
For C with Discrete ⊆ C ⊆ Refinable, k-C is W[P]-hard,
even for graphs of color class size at most 4.

Proof for k-Discrete (Outline).

• Reduction from Weighted Monotone Circuit Satisfiability.

• Input: monotone circuit C , integer t, Output: graph XC , t

• There is some x of weight t s.t. C(x) = 1 iff XC is t-discrete.

• Idea: represent each gate gi by a pair Pi = {vi ,v′i } (also a color
class) and connect the pairs by gadgets corresponding to ∧ or ∨

• Setting an input gate gi = 1 corresponds to individualizing vi .

• Output pair P� gets distinct colors iff g� = 1

• XC consists of multiple copies of this graph connected to some
global input pairs to assure that individualization is only sensible
in the input pairs
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Proof

Theorem
For C with Discrete ⊆ C ⊆ Refinable, k-C is W[P]-hard,
even for graphs of color class size at most 4.

Proof for k-Discrete (Gadgets).

• For gh = gi ∧ gj we use CFI(Pi ,Pj ,Ph)[Cai, Fürer, Immerman 92]:
Works as a parity gate for automorphisms, here it works like ∧.
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Ph

F

vi v′i vj v′j

vh v′h
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Proof

Theorem
For C with Discrete ⊆ C ⊆ Refinable, k-C is W[P]-hard,
even for graphs of color class size at most 4.

Proof for k-Discrete (Gadgets).

• For gh = gi ∨ gj we use IMP(Pi ,Ph) and IMP(Pj ,Ph),
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• We do not connect Pi and Ph directly because F stops backflow.
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Proof

Theorem
For C with Discrete ⊆ C ⊆ Refinable, k-C is W[P]-hard,
even for graphs of color class size at most 4.

Proof for k-Discrete (Gadgets).

• For gh = gi ∨ gj we use IMP(Pi ,Ph) and IMP(Pj ,Ph),

• where IMP(Pi ,Ph):

Pi

F ′ F ′′

F

Ph }CFI(F ′ ,F ′′ ,Ph)

vi v′i

vh v′h

• We do not connect Pi and Ph directly because F stops backflow.

• Output pair P� is connected to all input pairs via IMP. Thus, if P�
gets distinguished, all pairs will be distinguished.

�
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Open problems

Open Problems
• Upper bounds (or better lower bound) for all hard problems

except k-Discrete (which is W[P]-complete).

• Restriction to graph classes (or parameterizations by other
parameters like degree, treewidth etc.)
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Thank You!
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Relations among the problems

k-Discrete ⊆ k-Rigid
If two vertices can be mapped onto each other by an automorphism,
then they will receive the same color after color refinement, i.e.,
partition into orbits is at least as fine as partition into color classes.

k-Discrete ⊆ k-Refinable
By the same argument the orbit partition cannot be finer than a set of
singletons.

k-Refinable * k-Rigid
Any transitive graph on at least 2 vertices is refinable but not rigid.

k-Rigid * k-Refinable
Take t + 1 copies of the Frucht graph (rigid cubic graph) as X. Then
(X, t) ∈ k-Rigid \ k-Refinable (also holds for the connected graph X).
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